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SUMMARY . -_- 
The summary contained herein for work accornol;sh~~d durirlg the last 

monthly pc rbd  represents effort i n  thc f o i  lowinq tour phases of the program: 

Phase A '  

Phase A "  

Forn-u lo t i  on 3f Boundary Cond i :ions 

Investigation of Engineering Models 
/ 

Phase F Reduction to Axial ly Symmetric Case and Formulatior 

of Sample Problem I 

Phase G PY-Pparation of Reports and Computer. Program for Deli very 
t 

Phase A '  - Formulation of Boundary Conditions ___-I- -- -- 
In the previous Monthly Progress Report, ol !  of the boundary and interface 

I 

conditions required in  the heat shield analysis were described and formulated, wi th 

the exception of the thin-shell conditions which were incomplete at  that time. 

These conditions were, however, described i n  general terms in  Equations ( lo)  and 

( 1  1) of Reference 1, using the functions 6 , 

undefined. Wi th the completion of the thin-shell analysis, which i s  included i n  

the Appendix of this report, the boundary condition formulation i s  essentially complete. 

It i s  noted that Equations (17) in the Appendix, in  toroidal curvilinear coordinates, 

, , . . -/B , w+ich  were then 

correspond with the second and third equations of Equation (10) i n  Reference 1, 

which were written uring Cartesian coordinate notc~tion. Also, Equation (26) in  the 

Appendix corresponds with the first of Equation (10) in Reference 1, where 4c 
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/ I 1  (2) 
in  Equation (26) corresponds with '+I: st rms differer.ce a; - G- 

Reference 1. The stress-d:sF\accxment codi t io: is 7 idicoted b\f I"uc+ion (, 1 ') in 

Referer?re 7 ,  in Cartesian ?3 to t im ,  *,io) .I.; writtc 7 exp'ici:r,, i n  :oroidal cosrd;nates 

in Equation ( lo) ,  

according to 

where the subscript L identifies the two media adjoining the thin shell; i.e., 

il / , Z .  

(17) and (34 )  of the Appendix completely define the thin-shell interface conditions 

required for t k  Cleat shield analysis. A t  the cappirlg surface (Surface 3 i n  Figure 1 

of Reference l ) ,  the neutral surface displacements U ,  V and W o f  the thin shell 

must satisfy the same conditions imposed on the displacements of the "thick-shell" 

The six equations cbove plus the three equations defined in Equations 

\ (  

regions at  this surface, name\y, u = V U  o fo r  the fixcd-edge condition and 

In the case of the thin shell, the 7&p 3 Trp rTqe=O for t'- f r w  edge condition. 

- 2 -  



In  rcvicwing the ; c ,  aiction of boulldary c i r d  iritcrface conditions previously 

presented in  Appendix 1 of Reference 1, i t  wos noted that the geometric juncture 

at the sphere-torus interface was treated as a physical interface, and the boundary 

conditions were soecified accordingly. 

more cumbersome than necessary for ! $ i s  type r,! i t? ' i ' i fuce.  

makes use of on overaging procedure defined as follows: 

T h i s  treotrnent, although not incorrect, i s  

I 
A better approach 

The central differc1ncc.s with respect tr, 9" , which spun the boundary 

between the two geometric regions are differenced os i! they wPre wholly wi t6 in 

one region, (e.a., the toroidal region, denoted Fkgion 1 ) .  S i x e  this involves 

I 
function vQIur2s in  the spherical rec im (denoted Region 2 )  which are not defined in 

terms of the coordinate grid of Region 1, the 

are involved are extended into Region 2. These 1ines w i l l  he approximately congruent 

r constant lines of Region 1 which 

w i t h  the correspondiny - constant lines of Region 2, for incrcsmental distances from 

the geometric juncture. The "extended" node i s  chosen on tlje extended grid l ine to 

be the same distance (clong the grid l ine) from the geometric juncture as the cictual 

Region 2 node. This choice of the increment i n  q.2 between the "extended" r i d e  

h 

and the juncture node, independent of that b e t w e e i  the juncture node and t k t  ly ing 

just inside Region 1, i s  possiblc bccouslt :if u se  of ' ' i rre2uIui I' difference approxima- 

tions adopted in the direr t ion. The octuol F i , ( l i m  2 node 's tbcreby " C I O S C . "  to the 
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equations obtained i n  Regions 1 und 2, r e s p e c t ~ v ~  y ,  i s  taken to be the best tipprox- 

imation to the differencc analog at  the juncture. 

Phase A "  - Investigation of Engineering Models 
I _-- .------_ --__ -- ---- - I_ __ - __ 

The basic approach to the problem of treating very thin layers i n  a composite 

heat shield were set foith in  +he Third Monthly Procresr ?cpo l t ,  ReFercnce 5. For 
n 

simplicity, the method was presented for a f lat  plate, using Cartesian coordinates. 

In  the Fourth Monthly, RefertAnce 1, this analysis was generalized to the case of 

P 

t 
spherical curvil inear coordinates but was not completed. Because of the similarity of ; I  ! I  
toroidal and spherical coordin.ites and the fact that spherical coordinates are a 

l imi t ing case of toroidal coordinates, the equations were rederived i n  the Appendix 
~ 

of this report using toroidal coordinotes and including temperature dependence of 

the elastic constonts. The analysis i s  complete exc:ept for presenting the f inal results 

i n  tabulor form i n  terms of coefficien's of the equa-ions i n  terms of displacements, 

as was done previously for the equilibi ium und 5 + ~ e ~ - s  equations. 

I 

I 

Phase F - Reduction to Axial ly Symmetric Case and Formulation of Sample Problem 
_____II_ __ __I_- - -- - -I-I---- - - __-- .-._.-- ~ _-- -1_- 

A portion of this work was c o r m l e t d  ;n cor1;vnction wi th verifying the 

correctness of the three-dimensional txquatiov but 'NC!S not reported in  previour 

- 4 -  
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i n  MissiIc. Nose Corlcs" (Refert.nctx 3 ' .  Siiici: spherical coordir\ats!s are a l im ' t iny  

case of toroidal c o o ~ . d ' r ~ c * t ~ ~ s ,  tht: reduction t o  thc axially symmetric case i s  also 

CI check on the val id icy of the equilibrium cquatiolls in  toroidal coordinates. 

Similarly, the stress displacempnt relations, which were derived and tabulated i n  

the Second Monthly Progress Report (Reference A ) ,  wer'h al:o slBown to reduce to 

i 
I 

those dcrivcd by Morgan foi aKiully symmct.ic c s e .  The axis of symmetry was 

shown to  r e q u i r e  special twatrnent i n  the non-oxigliy symmetric, case owing to singu- 

lcrit ies which occur irl tile r.quiIibriurn equution, as t i c  co24diricte 7 approaches i 

zero. 

use of L 'Hap i ta l ' s  rule. 

were prcsented i n  Tables 4 a n d  5 of Refererice 4. 

spherical coordinates that these coeffiLientC agree wi th  those del ived by Morgan 

for this special case. 

In the axia l ly  symmetric case, the singularities can be handled by the the 

The coefficients of the cqu i l i l r ium equations for this case 

: t  was verif ied in the case of 

In summary, the conditions f w  ux iaI  symmetry require that 

n 



I f  the conditions of Equation ( 1 )  are appl it-d to til(, ~~~~ilibliurn-displacement equations 

(Equations (16) o f  Rebrence 2), these ftquations reduce to  

where d ,  , and c(& are thc curvilincar coordinates t o r  r and 

These coefficients in terms of the Lame'corrstants and /Lc (from Table 1, 

Reference 2 ) ,  arc given i n  Tgble 1, cilong g d i t h  the corresponding coefficients 

from Table IV, Reference 3, expressed i n  terms of Young's modulus and Poisson's 

rat io.  

respectively. 

A 

It i s  verif ied from the expressions rclating these elastic constants a 

that the coefficients An &) t t c . ,  are related to t!-e coefficients A 00 , p 1  I etc, 
I 

according to 
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(From Table IV, Ref. 3 . )  (From Table !, Ref. 2 )  
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Figure 1 .  - Toroidol and Fciccnica! Coordinates - - - - . -- --- -- -. - . . . - - * - . . .--. . -. - -.. 

cornpole the two systems, i t  should bc noted that the displaccnients U a n d  

coordinates, i n  the direction of incicasing W arid R ,  respectively, correspond 

w i th  the displacements $and U in toroidal coo dinotes in +he direct ion of increasing 

and r , respectively. Also, thg- refcrencc 3o;nts  for t l i r  trng!es Q7 and W 

in biconical 

I 

0 
dif fer  by 90 s"c4 :\,ut 

equn" 'ons i n  +he ' A ~ O  Ccmrdinntr- directions, tukc5 Sri differen? ~ n l  U I ' S  iq  t h ~  ~ W V  coordinotc 

,C &-%. The i r 7 d r ' A  $ , w '  ic!i identifies two equil ibrium 
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to Equation (5).  

I t  can bf.: readiiy verified t h i  

by making the following substitutions 

t h e  two sets of coefficients are in agreement 

, 

n accord3iic:e wi th the above discussion: 

- 
To illustrate, consider, for example, the coeff icient x/,p i n  toroidal coordinates 

//I . 
and the corresponding coefficient 

there i s  obtained 

' I r?  biconi:al coordinatqs. Rewriting $lP , 
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n 

It i s  s e e n  that the two cwfficit:rits ai': identical.  

manner that a l l  of the corresoor~ding cot.fticicrits o i  Tubte 2 ore C ~ ~ J C I ~ .  

I t  cut1 be ver i f ied i n  a similar 

I t  was shown i n  Reference 4 that certain of  the coeff icients i n  spherical 

coordinqies become singular on the axis of symrnetr), ( 'Jp - o ) .  

were evaluated by the use cf Lit4&itul's rulch and cire presented i n  Table 4,  

These coefficients 



n 

given by 

where the subscripts ~ a t i c l  & dc-nolt: diffr%rerit iotion, 

and 

"Tc - G-e o r  T ~ L J  . 
This expressiov corresponds wi th  EquuCiot7 ( IL) ,  f?eferr.nce 3,for the  axia l ly  symmetric 

case, which  i s  ,r 

t a" 
12 - 

1. 



n (4). whcre the constant 6 1; given by 

I t  i s  alSo iiQ:ed, in the case of toroidal and bicon cilll Co,xJiri:ltl-S, since U cind lr 

correspond wi th  v arid u , tespectively, and corrrsporids w i t h  W ~ S C E *  Figure l ) ,  

that the barred quarititir~S i r i  toroidal cooidirlc!tcs coriffspond wit5 the unburred quantities 

Reference 3 are comparcd i n  Tnhles 3 and 4. Lhinq til*? i-c>lotions between the 

,n 

elastic constants 
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10) 

and the cxpressiclns sf Equations 6, i t  i s  rcodily vc r ; c i ed  t h a t  +he corresy)ondirlg 

coeff ic ients i n  Tables 3 a n d  4 are idcntical .  
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